Abstract. A VB-algebroid is a vector bundle object in the category of Lie algebroids. We attach to every VB-algebroid a differential graded Lie algebra and we show that it controls deformations of the VB-algebroid structure. Several examples and applications are discussed. This is the first in a series of papers devoted to deformations of vector bundles and related structures over differentiable stacks.
Introduction
Lie algebroids are ubiquitous in differential geometry: they encompass several algebraic and geometric structures such as Lie algebras, tangent bundles, foliations, Poisson brackets, Lie algebra actions on manifolds and so on, and they are the infinitesimal counterparts of Lie groupoids. The notion of Lie algebroid appeared for the first time in the work of Pradines [21] and has become more and more important in the last 50 years. In particular, deformations of Lie algebroids have been discussed by Crainic and Moerdijk [9] , while deformation of Lie groupoids have been studied very recently by Crainic, Mestre and Struchiner [8] .
VB-algebroids are vector bundle objects in the category of Lie algebroids [15] , [13] . They emerge naturally in the study of Lie algebroids. For instance, the tangent and the cotangent bundles of a Lie algebroid are VB-algebroids. Additionally, VB-algebroids are generalizations of ordinary representations of Lie algebroids: specifically they are equivalent to 2-term representations up to homotopy of Lie algebroids, hence to (special kinds of) representations of Lie algebroids on graded vector bundles. Finally, VB-algebroids are the infinitesimal counterparts of VB-groupoids. The latter serve as models for vector bundles over certain singular spaces: differentiable stacks [3] . Examples of differentiable stacks are orbifolds, leaf spaces of foliations and orbit spaces of Lie group actions. This is the first in a series of papers devoted to deformations of vector bundles over differentiable stacks and related deformation problems. Notice that several important geometric structures, like Riemannian metrics, symplectic forms, complex structures, etc., can be seen as vector bundle maps. In order to study deformations of the former, it's then useful to study deformations of vector bundles themselves first. In this paper, we begin this program working at the infinitesimal level, i.e. studying deformations of VB-algebroids. More precisely, we study deformations of VB-algebroid structures on double vector bundles. In the second paper of the series we will study deformations of VB-groupoids and their behavior under the Lie functor.
The paper is divided in two main sections. The first one presents the general theory, and the second one discusses examples and applications. In its turn, the first section is divided in 5 subsections. In Subsection 1.1 we recall from [9] the differential graded Lie algebra (DGLA) controlling deformations of Lie algebroids. We also discuss gauge equivalent deformations, something that is missing in the original discussion by Crainic and Moerdijk. In Subection 1.2 we recall the basics of VB-algebroids, in particular their description in terms of graded manifolds (and Poisson double vector bundles). In Subsection 1.3 we discuss deformations of VB-algebroids. Let (W ⇒ E; A ⇒ M ) be a VB-algebroid. In particular W ⇒ E is a Lie algebroid, so it has an associated deformation DGLA. We show that deformations of (W ⇒ E; A ⇒ M ) are controlled by the sub-DGLA of linear cochains, originally introduced in [10] , that we call the linear deformation complex, and we provide various equivalent descriptions of this object. The simplest one is in terms of graded geometry. Actually, it is well-known that Lie algebroids are equivalent to Q-manifolds concentrated in degree 0 and 1 and VBalgebroids are equivalent to vector bundles in the category of such graded manifolds [23] , [26] . Moreover, it is (implicitly) shown already in [9] that the deformation DGLA of a Lie algebroid A ⇒ M is isomorphic to the DGLA of vector fields on A [1] , giving an elegant and manageable interpretation. A similar interpretation becomes essential in the case of VB-algebroids: indeed it results in crucial simplifications in the subsequent discussion. In Subsections 1.4 and 1.5 we show that it is possible to "linearize" deformation cochains of the top algebroid W ⇒ E of a VB-algebroid (W ⇒ E; A ⇒ M ), adapting a technique from [7] to the graded geometry setting. The main consequence is that the linear deformation cohomology is embedded, as a graded Lie algebra, in the deformation cohomology of the top algebroid.
In the second section of the paper we present examples. We discuss in details particularly simple instances of VB-algebroids coming from linear algebra, namely VB-algebras and LA-vector spaces (Subsections 2.1 and 2.2 respectively). The second case encompasses the classical Nijenhuis and Richardson deformation theory of Lie algebra representations [20] . In Subsection 2.3, we discuss deformations of the tangent and the cotangent VB-algebroids of a Lie algebroid. Partial connections along foliations and Lie algebra actions on vector bundles can be encoded by VB-algebroids and we study their deformations in Subsections 2.4 and 2.5 respectively. We also discuss VB-algebroids of type 1 in the classification of Gracia-Saz and Mehta [13] using a recent result by Sparano and the second author, roughly stating that the deformation cohomology of Lie algebroids is Morita invariant [22] (Subsection 2.6). Finally, our deformation theory for VB-algebroids can be extended to general representations up to homotopy of Lie algebroids, and we outline this generalization in Subsection 2.7.
We assume the reader is familiar with graded manifolds and the graded geometry description of Lie algebroids. We only recall that a graded manifold is concentrated in degree k, . . . , k + l, if the degrees of its coordinates range from k to k + l and a Q-manifold is a graded manifold equipped with an homological vector field. For instance, if A ⇒ M is a Lie algebroid, then shifting by one the degree of the fibers of the vector bundle A → M , we get a Q-manifold A [1] , concentrated in degree 0 and 1, whose homological vector field is the de Rham differential d A of A. Correspondence A A [1] establishes an equivalence between the category of Lie algebroids and the category of Q-manifolds concentrated in degree 0 and 1 [23] . Our main reference for graded geometry is [19] . We indicate with a bullet • the degree in a graded vector space. 
We briefly recall the deformation theory of Lie algebroids, originally due to Crainic and Moerdijk [9] , adding some small details about equivalence of deformations which are missing in the original treatment. We begin with a vector bundle A → M . Let k ≥ 0. Definition 1.1.1. A multiderivation of A with k entries (and C ∞ (M )-multilinear symbol), also called a k-derivation, is a skew-symmetric, R-k-linear map
such that there exists a bundle map σ c : ∧ k−1 A → T M , the symbol of c, satisfying the following Leibniz rule:
1-derivations are simply derivations. The space of derivations of A is denoted by D(A) (or D(A, M ) if we want to insist on the fact that the base of the Lie algebroid A is M ). The space [1] , endowed with the Gerstenhaber bracket −, − , is a graded Lie algebra. We recall that, for c 1 ∈ D k (A), and c 2 ∈ D l (A), the
for all α 1 , . . . , α k+l−1 ∈ Γ(A), and the Gerstenhaber bracket is defined by
The graded Lie algebra D • (A) [1] first appeared in [11] . If A ⇒ M is a Lie algebroid, the Lie bracket b A on sections of A is itself a biderivation and it contains a full information on A ⇒ M . Additionally b A , b A = 0. We summarize this remark with the following Proposition 1.1.2. Lie algebroid structures on A → M are in one-to-one correspondence with Maurer-Cartan elements in the graded Lie algebra D • (A) [1] , i.e. degree 1 elements b such that b, b = 0. Now, fix a Lie algebroid structure A ⇒ M on the vector bundle A → M , and let b A be the Lie bracket on sections of A. Equipped with the Gerstenhaber bracket and the interior derivation δ :
if we want to insist on the base manifold being M ) and called the deformation complex of A. The cohomology of
, and called the deformation cohomology of A.
Remark 1.1.3. Notice that we adopt a different convention from [9] , where C k def (A) is the space of k-derivations. With that convention, however, C • def (A) is a DGLA only up to a shift. 
for some smooth path of 0-cochains (i.e. derivations) ∆ t , t ∈ [0, 1].
Notice that (1.3) is equivalent to
where
If M is compact, the converse is also true.
Proof. For a vector bundle automorphism ξ : A → A, covering a diffeomorphism ξ M : M → M , and for a section α of A, we set
. Now, suppose that b 0 and b 1 are equivalent, and let φ t : A → A be a fiberwise linear isotopy taking
and let ∆ t be the infinitesimal generator of φ t , i.e.
) for all α, β ∈ Γ(A). Differentiating with respect to t, we obtain:
i.e. (1.4), hence (1.3), holds, as desired. Conversely, suppose that M is compact and there exist families of derivations ∆ t and 1-cochains b t such that (1.3) or, equivalently, (1.4) holds. Time dependent derivation ∆ t generates a flow by vector bundle automorphisms φ t : A → A. Put ξ t = φ −1 t . Then φ t is implicitly given by (1.5). Let X t be the symbol of ∆ t . From compactness, X t is a complete timedependent vector field on M . As φ t covers the flow of X t , it is a complete flow. In particular φ t : A → A is a well-defined, global, vector bundle automorphism for all t ∈ [0, 1]. We want to show that
For t = 0 this is obviously true and the derivatives of both sides are equal because of (1.4). So we have (1.6), and φ t is an isotopy taking b 0 to b 1 . 
• , c → δ c can be described explicitly as follows. Let c ∈ C k (A) and let σ c be the symbol of c. Then
where S l,m denotes (l, m)-unshuffles. For later use, we specialize (1.7) to the cases p = 0: 8) and p = 1:
There is yet another description of the deformation complex of A ⇒ M . Consider the dual vector bundle A * → M . Its total space A * is canonically equipped with a fiberwise linear Poisson structure π, and we denote by C • π (A * ) the associated Lichnerowicz complex, whose conchains are multivectors on A, and whose differential is the Schouten bracket with π. There is a distinguished subDGLA C • π,lin (A * ) in C • π (A * ) that can be described as follows. Sections of A are in one-to-one correspondence with fiberwise linear functions on A * . For α ∈ Γ(A), we denote by ℓ α the associated fiberwise linear function on A * . A multivector Z on A * is linear (with respect to the vector bundle structure A * → M ) if it preserves fiberwise linear functions. Now, multiderivations of A with k-entries are in one-to-one correspondence with linear multivectors on A * . The multivector X c corresponding to multiderivation c is uniquely determined by
(1.10)
For instance the Lie bracket b in Γ(A) determines, in this way, the fiberwise linear Poisson structure π. We denote by C • π,lin (A * ) the space of linear multivectors. It is a subDGLA of C • π (A * ), and correspondence c → X c is an isomorphism of DGLAs C 11) where all four sides are vector bundles,p is a vector bundle map covering p, the addition + A : W × A W → W and the multiplication λ · A : W → W by any scalar λ ∈ R (in the fibers of W → A) are vector bundle maps covering the addition + : E × M E → E and the scalar multiplication λ · : E → E in E. We also denote by + E : W × A W → W and λ · E : W → W the addition and the scalar multiplication in the fibers of W → E, and by0 E : E → W , 0 A : A → W the zero sections. DVB (1.11) will be also denoted by (W → E; A → M ).
Remark 1.2.2. As the fiberwise multiplication by scalars (likewise the fiberwise sum) completely determines the vector bundle structure (see, e.g. [12] ), some of the conditions in the definition of DVB are actually redundant and could be omitted. More importantly, the definition is symmetric in the sense that, if (W → E; A → M ) is a DVB, then so is (W → A; E → M ). For more many details on DVBs we refer to [17] and [13] . ⋄ Let (W → E; A → M ) be a DVB. The manifold W will be called the total space of the double vector bundle. The core of (W → E; A → M ) is
and it is a vector bundle over M .
Sections of C can be naturally embedded into sections of W → E, denoted Γ(W, E), via the inclusion B : Γ(C) → Γ(W, E), defined by:
The image of χ → Bχ is the space Γ core (W, E) of core sections of W → E.
There is another relevant class of sections of W → E: linear sections. We say that a section of W → E is a linear section if it is a vector bundle map covering some section of A → M . The space of linear sections of W → E is denoted Γ lin (W, E). We will usually denote bỹ α,β, . . . the sections in Γ lin (W, E).
Every DVB is decomposable, i.e. it is non-canonically isomorphic to the "trivial" DVB
See [13] for a proof.
From decomposition W ∼ = A × M E × M C we see that, if {A α } is a local basis of A and {C I } is a local basis of C, then the A α can be lifted to linear sections, the C I identify with core sections (via B), and {A α , C I } is a local basis of W → E. Now we provide the local description of linear and core sections. Let {x i } be local coordinates on M , {a α }, {u a } and {c I } be fiberwise linear coordinates on A, E and C respectively and {A α }, {C I } be frames dual to the coordinates {a α }, {c I }. Then a section w ∈ Γ(W, E) is linear if and only if it is locally of the form
and it is core if and only if it is locally of the form
is a DVB, called the dual of W over A, whose core is E * . We refer to [17] for the structure maps of the dual DVB. ⋄ Example 1.2.4. A distinguished example of a DVB is the tangent double of a vector bundle.
M is a DVB with core canonically isomorphic to E. Its dual over E is
We now pass to VB-algebroids.
Definition 1.2.5.
A VB-algebroid is a DVB as in (1.11), equipped with a Lie algebroid structure W ⇒ E such that the anchor ρ W : W → T E is a vector bundle map covering a map
(1.13)
It follows from the above definition that the bracket of W projects to a bracket [−, −] A on A and ρ A is a vector bundle map over M . With [−, −] A and ρ A , A is a Lie algebroid and W → A is a Lie algebroid map. For this reason, VB-algebroids are informally said to be "vector bundles in the category of Lie algebroids" and we write:
Remark 1.2.6. Definition 1.2.5 can be greatly simplified. Namely, a VB-algebroid is a DVB as in (1.11) such that the rows are Lie algebroids, and, for all λ ∈ R the fiberwise multiplication by λ· A : W → W is a Lie algebroid map. This definition is particularly efficient in proving several properties of VB-algebroids (see, e.g., [4] , [5] , [6] ) and some of the proofs in this paper could be actually rephrased in this language. ⋄
Alternative descriptions.
There are several equivalent descriptions of VB-algebroids. Two of them will be particularly useful for our purposes. First of all, there is a very useful description of VB-algebroids in terms of graded geometry. We begin discussing linear vector fields on (the total space of) a vector bundle E → M of graded manifolds. First we fix our notation. As already mentioned, a section φ of the dual bundle E * → M determines a fiberwise linear function ℓ φ on E. A section ε of E itself determines a fiberwise constant vector field ε ↑ ∈ X(E) • , uniquely defined by
We denote by X core (E) • the space of fiberwise constant vector fields on E.
Then X is linear if it preserves fiberwise linear functions. Equivalently, X is linear if the (graded) commutator [X, −] preserves fiberwise constant vector fields. We denote by X lin (E) • the space of linear vector fields on E. Notice that linear vector fields do also preserve fiberwise constant functions. Finally, similarly as in the nongraded case, denote by D(E) • the space of graded derivations of E. There is a canonical isomorphism of graded Lie algebras and graded
• . Now, we have already recalled that Lie algebroids are equivalent to Q-manifolds concentrated in degree 0 and 1. For VB-algebroids we have an analogous result (see [26] for a proof). Recall that a vector bundle of Q-manifolds is a vector bundle of graded manifolds E → M such that E and M are both Q-manifolds, with homological vector fields Q E and Q M , respectively, and, additionally, Q E is linear, and projects onto Q M . Equivalently E → M is a vector bundle of graded manifolds, M is a Q-manifolds, with homological vector field Q M , E is equipped with a homological derivation D E , i.e. a degree 1 derivation such that [D E , D E ] = 0, and, additionally, the symbol of D E is precisely Q M . For more details about vector bundles of Q-manifolds see, e.g. [25] .
Finally, let (W → E; A → M ) be a DVB. If we shift the degree in the fibers of both W → E and A → M (and use the functoriality of the shift) we get a vector bundle of graded manifolds
is a vector bundle of Q-manifolds concentrated in degree 0 and 1.
) establishes an equivalence between the category of VB-algebroids and the category of vector bundles of Qmanifolds concentrated in degree 0 and 1.
A second description of VB-algebroids is in terms of Poisson DVBs. Let (W → E; A → M ) be a DVB with core C. Then (W * E → E; C * → M ) is a DVB. In particular the smooth function algebra
is the C ∞ (M )-module of functions that are fiberwise homogeneous of degree p and q over E and C * , respectively. Clearly C ∞ 1,• (W * E ) identifies with Γ(W, E) and this identification takes
. Condition (1.13) is now equivalent to say that {−, −} is also fiberwise linear with respect to
giving the following Theorem 1.2.8 (see [16] ). Consider a DVB as in (1.11). A Lie algebroid structure W ⇒ E is part of a VB-algebroid structure (W ⇒ E; A ⇒ M ) if and only if the induced Poisson structure on W * E satisfies (1.14).
This theorem has an important consequence. Mackenzie in [16] calls Poisson DVB a DVB whose total space is equipped with a Poisson structure that is fiberwise linear with respect to both vector bundle structures. While the definition of Poisson DVB is "symmetric" with respect to the "horizontal" and "vertical" sides, the definition of VB-algebroid is not. Collecting all this remarks, we see that a VB-algebroid structure on (
1.3. The linear deformation complex of a VB-algebroid. In this subsection we introduce the main object of this paper: the linear deformation complex of a VB-algebroid, first introduced in [10] (for different purposes from the present ones). Actually, the whole discussion in Section 1.1 extends to VB-algebroids. We skip most of the proofs: they can be carried out in a very similar way as for plain Lie algebroids.
We begin with a DVB ( 
The following proposition is straightforward. . Now, fix a VB-algebroid structure (W ⇒ E; A ⇒ M ) on the DVB (W → E; A → M ), and denote by b W the Lie bracket on sections of W → E. We also denote by C • def (W, E) the deformation complex of the top algebroid W ⇒ E. From the very definition of VB-algebroid, 
for some smooth path of 0-cochains 22) where
Again we have
Proof. The proof is similar to that of Proposition 1.1.5, with linear derivations instead of derivations and DVB automorphisms instead of vector bundle automorphisms. We only need to be careful when using the compactness hypothesis. Recall from [10] that a linear derivation generates a flow by DVB automorphisms. In particular, if ∆ t is a time-dependent linear derivation of W → E, then its symbol X t = σ(∆ t ) ∈ X(E) is a linear vector field, hence it generates a flow by vector bundle automorphisms of E. From the compactness of M , it follows that X t , hence the flow of ∆ t , is complete.
If c t is a smooth path of Maurer-Cartan elements starting at 0, then dct dt | t=0 is an infinitesimal deformation of (W ⇒ E; A ⇒ M ). Similarly as for Lie algebroids, H 1 def,lin (W ) is the formal tangent space to the moduli space of linear deformations under gauge equivalence. It also follows from standard deformation theory arguments that H 2 def,lin (W ) contains obstructions to the extension of an infinitesimal linear deformation to a formal one. Finally, we interpret 0-degree deformation cohomologies. It easily follows from the definition that 0-cocycles in C • def,lin (A) are infinitesimal multiplicative (IM) derivations of (W ⇒ E; A ⇒ M ) i.e. derivations of W → E generating a flow of VB-algebroid automorphisms [10] . Among those, 1-cocycles are inner IM derivations, i.e. IM derivations of the form [α, −] for some linear sectionα of W → E. So H 0 def,lin (W ) consists of outer IM derivations. See [10] for more details. ⋄
Moreover, it is easy to see from Formula 1.7 that c is linear if and only if δ c is a linear vector field on W [1] E with respect to the vector bundle structure
• .
As linear vector fields are equivalent to derivations we also get
as DGLAs.
There is yet another description of the linear deformation complex in terms of Poisson DVBs. Recall that the total space of the dual vector bundle W * E → E is equipped with a fiberwise linear Poisson structure π, and let C • π (W * E ) be the associated Lichnerowicz complex. As discussed in Remark 1.1.8 the deformation complex of W ⇒ E can be seen as the subcomplex of C • π (W * E ) consisting of multivectors that are linear with respect to the vector bundle structure W → E. Since (W → E; A → M ) is a DVB, then W * E is also a vector bundle over C * . So, we can consider the subspace
of cochains that are linear with respect to both vector bundle structures W * E → E and W * E → C * . The 1's in C • π,1,1 (W * E ) refer to the two linearity properties.
is actually a subDGLA. Now, let c be a degree k −1 cochain in the deformation complex of W ⇒ E, and let X c be the corresponding (linear) multivector on W * E . Equation (1.10) shows that c is linear if and only if X c , dℓα 1 ∧ · · · ∧ dℓα k is linear with respect to vector bundle structure W * E → C * , for allα 1 , . . . ,α k ∈ Γ lin (W, E). For any section w of W → E, its tangent map T w : T E → T W is a linear section of the DVB (T W → T E; W → E). Moreover, if w =α is linear, Tα is also a linear section of the DVB (T W → T E; T A → T M ). So X c , dℓα 1 ∧ · · · ∧ dℓα k is linear with respect to W * E → C * for allα 1 , . . . ,α k ∈ Γ lin (W, E) if and only if X is a linear multivector with respect to W * E → C * . This proves the following Proposition 1.3.5. Correspondence c → X c establishes an isomorphism of subDGLAs
Deformations of A from linear deformations of W . There is a natural surjection C • def,lin (W ) → C • def (A) which is easily described in the graded geometric picture: it is just the projection
of linear vector fields on the base. Equivalently, it is the symbol map
In particular, we get a short exact sequence of DGLAs
. Finally, we obtain a long exact sequence
connecting the linear deformation cohomology of W with the deformation cohomology of A.
1.4.
Linearization of functions and vector fields. Let (W ⇒ E; A ⇒ M ) be a VBalgebroid. We have shown that deformations of the VB-algebroid structure are controlled by a subDGLA C • def,lin (W ) of the deformation complex C • def (W ) of the top Lie algebroid W ⇒ E. In the next section, we show that the inclusion
In particular, given an infinitesimal linear deformation that is trivial as infinitesimal deformation of the Lie algebroid W ⇒ A, i.e. it is connected to the zero deformation by an infinitesimal isotopy of vector bundle maps, then it is also trivial as infinitesimal linear deformation, i.e. it is also connected to the zero deformation by an infinitesimal isotopy of DVB maps. The key idea is inspired by the "homogenization trick" of Cabrera and Drummond [7] : specifically, we construct a linearization map lin :
from the left, in the category of cochain complexes. To do that, we adopt the following approach: we interpret deformation cochains as vector fields on the graded manifold W [1] E , and linear deformation cochains as vector fields that are linear with respect to the vector bundle structure W [1] E → A [1] . In this way, we are lead to the following problem: let E → M be a vector bundle of graded manifold; construct a "linearization map" lin :
We begin with the linearization of functions and vector fields on a vector bundle of non-graded manifolds.
Let π : E → M be a vector bundle and, for k ≥ 0, let C ∞ k (E) ⊂ C ∞ (E) be the subspace of fiberwise polynomial functions, that are homogeneous of degree k. For degree 0 and degree 1 fiberwise polynomial functions we use special names:
For λ ∈ R, let h λ : E → E be the fiberwise multiplication by λ. Cabrera and Drummond [7] define a projection P k :
Notice that P k is C ∞ (M )-linear and it is inverted by the inclusion C ∞ k (E) ֒→ C ∞ (E). Actually, P k (f ) is just the k-homogeneous part of the fiberwise Taylor polynomial of f . In particular P 1 (f ) is the linearization of f along the zero section of E, while P 0 (f ) is π * (f | M ). In the following, we will only need P 0 and P 1 , and we write core := P 0 and lin := P 1 . In order to account for the case when E possesses more than one vector bundle structure, we also write sometimes core M and lin M to stress that we homogenize with respect to the vector bundle structure over M . Finally, we set f core = core(f ), f lin = lin(f ).
We now pass to vector fields. In this case, Formula (1.24) does not work directly, and we need the following reinterpretation of vector fields on E. Recall preliminarily that the cotangent bundle T * E sits in a DVB (T * E → E; E * → M ), and X(E) ∼ = C ∞ 1,• (T * E) the space of functions on E that are fiberwise linear with respect to the vector bundle structure T * E → E. It is not hard to see (using properties of DVBs) that core E * takes C ∞ 1,• (T * E) to C ∞ 1,0 (T * E). In their turn functions in C ∞ 1,0 (T * E) correspond exactly to fiberwise constant vector fields under the isomorphism
Summarizing, there are a core and a linearization map for vector fields: 25) and lin :
(1.26) In local coordinates they look as follows. Let (x i ) be coordinates on M , and let (u β ) be fiberwise linear coordinates on E. Let f ∈ C ∞ (E) and let X ∈ X(E) be locally given by
and
As the inclusion X lin (E) ֒→ X(E) inverts lin : X(E) → X lin (E), we have the following
is not a Lie algebra decomposition. Nevertheless, we have the following key
Proof. A straightforward check in local coordinates.
The above definitions of the core and linearization maps can be generalized to functions and vector fields on vector bundles of graded manifolds. This generalization however requires working with DVBs of graded manifolds. We prefer to avoid this complication and we provide alternative definitions of lin and core that do not involve explicitly double structures, and can be immediately extended to the graded setting. Such definitions may have an independent interest (particularly for vector fields). Lemma 1.4.3. Let f ∈ C ∞ (E) and X ∈ X(E). Then (1) f core is the unique fiberwise constant function on E such that (f − f core )| M = 0; (2) f lin is the unique fiberwise linear function on E such that d(f − f core − f lin )| M = 0; (3) X core is the unique vector field on E such that
for all g ∈ C ∞ (E); and (4) X lin is the unique vector field on E such that
Proof. Item (1) is obvious. For item (2) let (x i , u β ) be adapted coordinates on E. If g is a fiberwise linear function on E, then locally g = g β (x)u β and
The latter expression vanishes if and only if g β (x) = ∂f ∂u β (x, 0). Items (3) and (4) easily follow from (1.27) and the fact that vector fields on E are completely determined by their action on fiberwise linear functions. 
and core :
defined as follows: for f ∈ C ∞ (E) • , and X ∈ X(E) • , (1) f core is the unique fiberwise constant function on E such that (f − f core )| M = 0; (2) f lin is the unique fiberwise linear function on E such that d(f − f core − f lin )| M = 0; (3) X core is the unique vector field on E such that
for all g ∈ C ∞ (E) • ; and (4) X lin is the unique vector field on E such that
The maps core and lin are splitted by the inclusions. In particular, there is a direct sum decomposition
Remark 1.4.5. The linearization and core operators satisfy more identities. Namely, for X, Y ∈ X(E) • and g ∈ C ∞ (E) • we also have
and, additionally, 
.1 (Linearization of deformation cochains). There is a cochain map
of cochain complexes. Hence, the inclusion induces an injection
Proof. We only need to show that lin preserves the differential δ. This follows from the fact that δ = b W , − , where b W is the (linear) bracket on W → E, and from the last part of Proposition 1.4.4.
The inclusion 1.33 can be used to transfer vanishing results from deformation cohomology of the Lie algebroid W ⇒ E to the linear deformation cohomology of the VB-algebroid (W ⇒ E; A ⇒ M ). For example, if H 0 def (W ) = 0, every Lie algebroid derivation of W ⇒ E is inner, and hence every IM derivation of the VB-algebroid W is inner. Similarly, if W ⇒ E has no non-trivial infinitesimal deformations, so does (W ⇒ E; A ⇒ M ), and so on.
As a first example, consider a vector bundle E → M . Then Proof. From Theorem 1.5.1, H • def,lin (T E) embeds into the deformation cohomology H • def (T E) of the tangent algebroid T E → E. But the latter is trivial (see, e.g., [9] ). Theorem 1.5.1 has another immediate consequence: rigidity of VB-algebroids integrating to proper VB-groupoids. Recall that a VB-groupoid is a vector bundle in the category of Lie groupoids, i.e. a commutative square
where Γ ⇒ E and G ⇒ M are Lie groupoids, Γ → G and E → M are vector bundles and all the vector bundle structure maps (addition, multiplication, projection and zero section) are Lie groupoid maps. The Lie functor maps VB-groupoids to VB-algebroids. We refer to [17, 6] for all the necessary details about VB-groupoids and their relationship to VB-algebroids.
The following rigidity theorem, first conjectured in [9] , has been proved in [?].
Theorem 1.5.3 (Theorem 4.11 in [?]).
If A is a Lie algebroid which admits a proper integrating Lie groupoid G whose fibers are 2-connected, then H 1 def (A) = 0. Corollary 1.5.4. Let (W ⇒ E; A ⇒ M ) be a VB-algebroid integrating to a VB-groupoid (Γ ⇒ E; G ⇒ M ) and suppose that the Lie groupoid Γ ⇒ E is proper with 2-connected fibers. Then H 1 def,lin (W ) = 0. Notice however that the hypotheses of Corollary 1.5.4 are rather restrictive. Indeed if the top groupoid Γ ⇒ E of a VB-groupoid (Γ ⇒ E; G ⇒ M ) is proper, then for every arrow g : x → x ′ in G, and every pair (e, e ′ ) ∈ E × E projecting over (x, x ′ ) there is at most one arrow γ : e → e ′ in Γ projecting to g.
Other applications of Theorem 1.5.1 will be considered in Section 2. We conclude this subsection providing an explicit description of the linearization map (1.32) in terms of multiderivations of W → E. (
Proof. First of all, interpreting a form ω ∈ Ω 
But a vector field on E is completely determined by its action on linear functions, so (3) holds. (4) follows from ((1.8) and) (1.35) in a similar way. Now we prove (1) . Both sides of the identity are linear sections of W → E, and it suffices to test them with 1-forms of the type ϕ lin , with ϕ ∈ Ω 1 W,E . So, letα 1 , . . . ,α k ∈ Γ lin (W, E).
But,
where we used (3), and the linearity of ϕ lin ,α i . So
The last equality follows from (1.31) interpreting ϕ as a function and contraction with c(α 1 , . . . ,α k ) as a vector field on W [1] E . This concludes the proof of (1).
Finally we prove (2) . Again, we only need to test both sides of the identity with 1-forms ϕ lin as above. So, letα 1 , . . . ,α k−1 ∈ Γ lin (W, E) and Bχ ∈ Γ core (W, E). Then
Similarly as above, last equality follows from (1.30) interpreting ϕ and c(α 1 , . . . ,α k−1 , Bχ) as a function and a vector field on
There is yet another possible description of the linearization map. 
One can check that the latter consists in "linearizing multivectors with respect to the vector bundle structure W * E → C * ".
Examples and applications
In this section we provide several examples. Examples in Subsections 2.1, 2.4 and 2.5 parallel the analogous examples in [9] , connecting our linear deformation cohomology to known cohomologies. Examples in Subsections 2.2, 2.3 and 2.6 are specific to VB-algebroids. Finally, in Subsection 2.7 we discuss deformation of representations up to homotopy, with a special emphasis on 2-term representations up to homotopy.
VB-algebras.
A VB-algebra is a vector bundle object in the category of Lie algebras. In other words, it is a VB-algebroid of the form
In particular, h and g are Lie algebras. Now, let C := ker(h → g) be the core of (h ⇒ {0}; g ⇒ { * }). It easily follows from the definition of VB-algebroid that • C is a representation of g, and • h = g ⋉ C is the semidirect product Lie algebra, • h = g ⋉ C → g is the projection onto the first factor. The linear deformation complex is
The first summand is the Lie algebra cochain complex of g with coefficients in the adjoint representation, the second summand is the Lie algebra complex of g with coefficients in End C, and the DGLA structure is the semidirect product one. So, from the classical theory of Nijenhuis and Richardson [20] , C • def,lin (h) controls simultaneous deformations of the Lie algebra g and its representation C. The linear deformation cohomology is
LA-vector spaces.
An LA vector space is a Lie algebroid object in the category of vector spaces. In other words, it is a VB-algebroid of the form
In particular, W and E are vector spaces. Now, let C := ker(W → E) be the core of (W ⇒ E; {0} ⇒ { * }). It easily follows from the definition of VB-algebroid that W identifies canonically with the direct sum C ⊕ E and all the structure maps are completely determined by a linear map ∂ : C → E. Specifically, sections of W → E are the same as smooth maps E → C, and given a basis (χ a ) of C, the Lie bracket on maps E → C is given by
where f = f a χ a and g = g a χ a . It follows that the anchor ρ : W → T E is given on sections by
Linear deformations of (W ⇒ E; {0} ⇒ { * }) are the same as deformations of ∂ as a linear map. Let us describe the linear deformation complex explicitly. As the bottom Lie algebroid is trivial, C • def,lin (W ) consists of graded endomorphisms End
is just the commutator with ∂, meaning that the deformation cohomology consists of homotopy classes of graded cochain maps (
where φ ∈ Hom(E, C), ψ C ∈ End(C) and ψ E ∈ End(E). We conclude immediately that
This shows, for instance, that infinitesimal deformations of a linear map ∂ : C → E are all trivial if and only if ∂ is injective, as expected.
2.3.
Tangent and cotangent VB-algebroids. We begin noticing that the linear deformation complex of a VB-algebroid is canonically isomorphic to that of its dual. Let (W ⇒ E; A ⇒ M ) be a VB-algebroid with core C, and let (W * A ⇒ C * ; A ⇒ M ) be the dual VB-algebroid.
Theorem 2.3.1. There is a canonical isomorphism of DGLAs
Recall from [17] that there is a canonical isomorphism of Poisson double vector bundles
Using Proposition 1.3.5 we now see that there are isomorphisms of DGLAs
is a VB-algebroid, called the tangent VB-algebroid of A. The structure maps of the Lie algebroid T A ⇒ T M are defined as follows. First of all recall that (T A → T M ; A → M ) is a DVB whose core is canonically isomorphic to A itself. In particular, any section α of A determines a core section Bα of T A → T M . Notice that a section α of A does also determine a linear section T α of T A → T M : its tangent map. In the following, for a vector field X ∈ X(M ), we denote by X tot ∈ X(T M ) its tangent lift. Now, the anchor ρ T A : T A → T T M is determined by
and then the bracket [−, −] T A in Γ(T A, T M ) is completely determined by:
for all α, β ∈ Γ(A). The dual VB-algebroid (T * A ⇒ A * ; A ⇒ M ) of the tangent VB-algebroid is called the cotangent VB-algebroid. We want to discuss the linear deformation cohomology There is a canonical isomorphism of vector bundles of graded manifolds
uniquely determined by the following condition:
, of degree k, and all sections α 1 , . . . , α k ∈ Γ(A). Additionally Proof of Lemma 2.3.2. Let (x i ) be coordinates on M , let (u α ) be a local basis of Γ(A), and let (u α ) be the associated fiberwise linear coordinates on A. These data determine coordinates (x i ,ũ α ) on A [1] in the obvious way. In particular the x i have degree 0 and theũ α have degree 1. We also consider standard coordinates (x i , u α ,ẋ i ,u α ) induced by (x i , u α ) on T A. Notice that (u α ,u α ) are fiberwise linear coordinates with respect to the vector bundle structure T A → T M . More precisely, they are the fiberwise linear coordinates associated to the local basis (T u α , Bu α ) of Γ(T A, T M ). Next we denote by (x i ,ẋ i ,ũ α ,ũ α ) the induced coordinates on T A[1] T M . They have degree 0, 0, 1, 1 respectively. Finally, we denote (x i ,ũ α , X i ,Ũ α ) the standard coordinates on T A [1] induced by (x i ,ũ α ). Define ι by putting
A direct computation exploiting the appropriate transition maps reveals that ι is globally well defined. Now we prove (2.5). We work in coordinates. Take a degree k
Now, let α 1 , . . . , α k ∈ Γ(A), and a = 1, . . . , k. If α a is locally given by α a = g α a (x)u α , then
and, from (2.7),
Identity (2.6) is proved in a similar way. To see that there is no other vector bundle isomorphism ι :
with the same property (2.5) notice that X i = ℓ dx i and U α = ℓ dũ α . Now use (2.5) to show that ι * X i =ẋ i and ι * Ũ α =ũ α , necessarily.
In the following we will understand the isomorphism ι of Lemma 2.3.2, and identify
• fits in the short exact sequence of DGLAs:
• (2.9) splits sequence (2.8) in the category of DGLAs. As 
In the last part of the subsection we describe the inclusion (2.9) in terms of deformation cochains. This generalizes (2.3) and (2.4) to possibly higher cochains. Using the canonical isomorphisms
Identities (1)- (4) (together with the fact that c tot is a linear cochain) determine c tot completely.
Proof. Denote by τ : T M → M the projection. For (1), we begin noticing that the tangent lift X tot ∈ X(T M ) of a vector field X ∈ X(M ) is completely determined by the following identities: 
From (2.5),
As σ ctot (T α 1 , . . . , T α k−1 ) and σ c (α 1 , . . . , α k−1 ) tot are both linear and they both project onto σ c (α 1 , . . . , α k−1 ), this is enough to conclude that σ ctot (T α 1 , . . . , T α k−1 ) = σ c (α 1 , . . . , α k−1 ) tot . Identity (2) can be proved in a similar way from (2.6) using that
We now prove (3) . Both sides of the identity are linear sections of T A → T M and one can easily check in local coordinates that a linear section σ is completely determined by pairings of the form ℓ dϕ , σ . Here, ϕ is a section of A * → M seen as a degree 1 function on A [1] , dϕ is its de Rham differential, and ℓ dϕ is the associated degree 1 fiberwise linear function on T A [1] , which, in turn, can be interpreted as a 1-form on the algebroid T A ⇒ T M , as in Lemma (2.3.2).
So, take ϕ ∈ Γ(A * ), c ∈ C
where we used, in particular, (1.7), the first one in (2.10), identity (1), and (2.5). So (3) holds. Identity (4) can be proved in a similar way using (1.7), both identities (2.10), identity (2), and (2.6). We leave to the reader the straightforward details. 
. The latter are the same as End E-valued leaf-wise differential forms, and the restricted differential is the connection differential (corresponding to the induced connection in End E). Now, denote by ν = T M/D the normal bundle to F. It is canonically equipped with the Bott connection ∇ Bott , and there is a deformation retraction, hence a quasi-isomorphism, 
2.5. Lie algebra actions on vector bundles. Let g be a (finite dimensional, real) Lie algebra acting on a vector bundle E → M by infinitesimal vector bundle automorphisms.
In particular g acts on M and there is an associated action Lie algebroid g ⋉ M ⇒ M . Additionally, g acts on the total space E by linear vector fields. Equivalently, there is a Lie algebra homomorphism g → D(E) covering the (infinitesimal) action g → X(M ). It follows that (g ⋉ E ⇒ E; g ⋉ M ⇒ M ) is a VB-algebroid. We want to discuss linear deformation cohomologies of g ⋉ E ⇒ E. We begin reviewing Crainic and Moerdijk remarks on the deformation cohomology of
the projection. Composition on the right with the pull-back
• establishes a projection from vector fields on
i.e. vector fields on g [1] with coefficients in functions on g [1] × M :
The kernel of projection (2.11) consists of π g -vertical vector fields
preserves π g -vertical vector fields. Hence there is a short exact sequence of cochain complexes:
(canonically isomorphic to) the Chevalley-Eilenberg cochain complex of g with coefficients in C ∞ (M ) ⊗ ad g: the tensor product of C ∞ (M ) and the adjoint representation. Following [9] , we shortly denote this tensor product by g M . Finally, X πg (g [1] ×M ) • is canonically isomorphic to the Chevalley-Eilenberg cochain complex of g with coefficients in X(M ). So there is a short exact sequence of cochain complexes
and a long exact cohomology sequence
We now pass to g ⋉ E. The linear deformation complex C • def,lin (g ⋉ E) consists of linear vector fields on g[1] × E. Similarly as above, we consider the projectionπ g : g [1] × E → g [1] . Composition on the right with the pull-backπ * g establishes a projection:
(beware, the range consists of π g -relative, notπ g -relative, vector fields) whose kernel consists ofπ g -vertical linear vector fields
Hence there is a short exact sequence of cochain complexes:
Using the projection
• , we can combine sequences 2.14 and 2.12 in an exact diagram
2.6
. Type 1 VB-algebroids. Let (W ⇒ E; A ⇒ M ) be a VB-algebroid with core C. The core-anchor of (W ⇒ E; A ⇒ M ) is the vector bundle map ∂ : C → E defined as follows. Let χ be a section of C, and let Bχ be the corresponding core section of W → E. The anchor ρ : W → T E maps Bχ to a fiberwise constant vector field ρ(Bχ) on E. In its turn ρ(Bχ) corresponds to a section ε of E. By definition, ∂χ = ε. According to a definition by Gracia-Saz and Mehta [13] , a VB-algebroid is type 1 (resp. type 0 ) if the core-anchor is an isomorphism (resp. is the zero map). More generally, (W ⇒ E; A ⇒ M ) is regular if the core-anchor has constant rank. In this case (W ⇒ E; A ⇒ M ) is the direct sum of a type 1 and a type 0 VB-algebroid, uniquely defined up to isomorphisms. So type 1 and type 0 VB-algebroids are the building blocks of regular VB-algebroids. In this subsection we discuss linear deformation cohomologies of type 1 VB-algebroids.
Let (W ⇒ E; A ⇒ M ) be a type 1 VB-algebroid, and denote by q : E → M the projection. Gracia-Saz and Mehta show that (W ⇒ E; A ⇒ M ) is canonically isomorphic to the VBalgebroid (q ! A ⇒ E; A ⇒ M ) [13] . Here q ! A ⇒ E is the pull-back Lie algebroid. Recall that its total space q ! A is the fibered product q ! A := T E dq × ρ A. Hence, sections of q ! A → E are pairs (X, α), where X is a vector field on E and α is a section of the pull-back bundle q * A → E, with the additional property that dq(X e ) = ρ(α q(e) ) for all e ∈ E. Then there exists a unique Lie algebroid structure q ! A ⇒ E such that the anchor q ! A → T E is the projection (X, α) → X, and the Lie bracket is given by
on sections of the special form (X, q * α), (X, q * β), with α, β ∈ Γ(A). Finally, (q ! A ⇒ E; A ⇒ M ) is a VB-algebroid, and every VB-algebroid of type 1 arises in this way (up to isomorphisms).
As E → M is a vector bundle, in particular it is contractible, so q ! A ⇒ E and A ⇒ E share the same deformation cohomology [22] . More precisely, there are quasi-isomorphisms of DG modules C [1] E ) • , respectively. We now notice that both diagrams
, and
commute. As an immediate consequence we get that the canonical map C • def,lin (q ! A) → C • def (A) induce an injection in cohomology. We want to show that, even more, it is a quasiisomorphism. To do this it is enough to prove that the kernel End
def (A) is acyclic. So, consider the pull-back diagram
All vertices are vector bundles, and shifting by one the degree in their fibers, we get a pull-back diagram of Q-manifolds:
This shows, among other things, that there is a canonical isomorphism of DG-modules:
From Proposition 1.5. 2.7. Deformations of representations up to homotopy. Let A ⇒ M be a Lie algebroid and let E = i E i → M be a graded vector bundle, we denote
The graded Ω • A -module Ω A (E) • is the module of E-valued A-forms. Definition 2.7.1 (see [2] and [13] ). A representation up to homotopy (RUTH ) of A consists of a graded vector bundle E = i E i → M and an R-linear operator D : Ω A (E) • → Ω A (E) •+1 satisfying D 2 = 0 and the following Leibniz rule:
for all ω ∈ Ω • A , and ε ∈ Ω A (E) • . If E = E 0 is concentrated in degree 0, then E 0 is an ordinary representation of A and D is the de Rham differential with coefficients in it.
There is a close relationship between VB-algebroids and RUTHs that we now recall from [13] . Let E, C → M be ordinary vector bundles, and consider the trivial DVB (1.12). Put W = A × M E × M C. Then the module of sections of the vector bundle of graded manifolds
is canonically isomorphic to Ω A (E) • , where E = C[1] ⊕ E. This shows that trivial VB-algebroids are equivalent to two term RUTHs, i.e. RUTHs concentrated in degree −1 and 0. Using that every DVB is (non canonically) isomorphic to a trivial one, one can promote this equivalence to an equivalence between the category of (non-necessarily trivial) VB-algebroids and the category of two term RUTHs [13] .
In the remaining part of this subsection we define a DGLA C • def (A, E, D) governing simultaneous deformations of A and a generic RUTH (E, D). Up to a trivialization, the new DGLA generalizes the deformation DGLA of a VB-algebroid. We begin recalling from [18] that a RUTH is actually equivalent to a vector bundle of Q-manifolds V → A [1] , with the additional property that V is of the form V = A[1] × M E for some graded vector bundle. In the following, we denote E A[1] := A[1] × M E. E-valued A-forms are the same as sections of E A [1] , and the operator D corresponds to a homological derivation of (equivalently, an homological linear vector field on) E A [1] with symbol equal to d A . In this way, given a RUTH (E, D), we are led to consider the graded Lie algebra D(E A [1] ) • of graded derivations of E A [1] . Notice that D ∈ D(E A [1] ) • actually encodes both the Lie algebroid structure of A and the RUTH structure on E. Definition 2.7.2. A simultaneous deformation of the Lie algebroid structure on A and the RUTH structure on E is a pair consisting of a deformation of A and a RUTH structure on E of the new Lie algebroid.
The above discussion shows that a simultaneous deformation of the Lie algebroid structure b A on A and the RUTH structure D on E is the same as a(n other) homological derivation ∆ ∈ D(E A [1] ). Put ∆ = D + γ. Hence ∆ is a simultaneous deformation of (b A As usual, there is a short exact sequence (of DGLAs) 15) where σ is the symbol, and deformations of (b A , D) that fix b A can be identified with MaurerCartan elements in the subDGLA End • E A [1] . Finally, let (W ⇒ E; A ⇒ M ) be a VB-algebroid with core C and let E = E ⊕ C [1] . Choose an isomorphism of DVBs W ∼ = A × M E × M C, and let D be the corresponding RUTH of A on E. Then W 
